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1. INTRODUCTION
Let X be a smooth projective variety over a perfect field k of character-
istic p ) 0, and W be the ring of Witt vectors on k. Then there are two
spectral sequences. The one is the Hodge to de Rham spectral sequence
Ei , j s H j X , V i « H iq j Xrk , . .1 X DR
and the other is the slope spectral sequence
Ei , j s H j X , W V i « H iq j XrW . . .1 X cris
 w  .x.By means of the universal coefficient theorem cf. 2, II]4, 4.9.1 , we can
describe the process of connecting the crystalline cohomology group
U  . U  .H XrW with the de Rham cohomology group H Xrk . But, thecris DR
j i .relationship between Hodge cohomology groups H X , V andX
j i .Hodge]Witt cohomology groups H X, W V is intricate. However, if XX
 . w xis ordinary in the sense of 4.12 in Chapitre IV of 4 then Hodge and
Hodge]Witt cohomology groups are concisely connected.
U  . j i .Let X be ordinary. Then, if H XrW is torsionless, H X, V arecris X
j i .  . isomorphic to the reduction of H X, W V mod p for all i, j cf.X
w x.4, Chap. IV, Sect. 4 . Moreover, if X is ordinary then it is known that
j i .  .H X, W V are of finite type over W for all i, j and the Hodge]WittX
decomposition
H n XrW s H j X , W V i .  .[cris X
iqjsn
 w x.holds in any n cf. 3, 3.4 . Now we consider a notion ‘‘of Hodge]Witt
type’’ somewhat wider than the notion ‘‘ordinary.’’ If X is of Hodge]Witt
 . w xtype in all degrees in the sense of 4.6 in Chapitre IV of 4 , that is,
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j i .  .H X, W V are of finite type over W for all i, j , then we say that X isX
j i .of Hodge]Witt type. We note that the cohomology groups H X, W V areX
w x  w x.modules over the Dieudonne ring W F, V cf. 3 . These two notions are´ s
 .closely connected as follows: a If X is ordinary then X is of Hodge]Witt
 w x.  .type cf. 3, 3.4 . b For two smooth projective varieties X, Y over k, if X
 w  .x.and Y are ordinary then X = Y is ordinary cf. 4, Chap. IV, 4.14 , and if
X is of Hodge]Witt type and Y is ordinary then X = Y is of Hodge]Witt
 w  .x w x.  .type cf. 4, Chap. IV, 4.15 or 3, Corollary 5.2.4 . c If X = X is of
 w  .x wHodge]Witt type then X is ordinary cf. 4, Chap. IV, 4.15 or 3,
x.Proposition 5.2.5 . Consequently, two notions, ‘‘ordinary’’ and ‘‘of
Hodge]Witt type,’’ for the self-product X = X are equivalent.
For some special cases of X, we shall review known conditions for the
‘‘ordinary-ness’’ or the ‘‘Hodge]Witt type-ness’’ of X.
 wFirst, let X be a curve. Then X is of Hodge]Witt type cf. 7; 2, Chap.
x.II . Second, let X be an abelian variety. Then X is ordinary if and only if
 w  .x.the p-rank of X is equal to dim X cf. 2, II-7, 7.1; 4, Chap. IV, 4.13 ,
and X is of Hodge]Witt type if and only if the p-rank of X is equal to
 w x.dim X or dim X y 1 cf. 3, Corollary 6.3.16 . Third, let X be a K 3
surface. Then X is ordinary if and only if the height of Br n is equal toX r k
one, and X is of Hodge]Witt type if and only if the height of Br n is ofX r k
 w x.finite type cf. 2, II-7, 7.2 . Fourth, let X be a smooth complete intersec-
tion in a projective space. Then, if the ‘‘niveau de Hodge’’ of X in the
w x w x w xsense of 1 or 6 is at most one, we know, through 9 , that X is of
w xHodge]Witt type. According to 6 , when we consider the smooth com-
 .plete intersection V m , m , . . . , m of d hypersurfaces of degrees m ,n 1 2 d 1
 .m , . . . , m in the general position in an n q d -dimensional projective2 d
nqd  .  .space P n ) 0, d ) 0 , the complete intersection V m , m , . . . , mn 1 2 d
 .  .with the ‘‘niveau de Hodge’’ F 1 is as follows: V 2, 2, 2 n odd G 3 ,n
 .  .  .  .  .  .  .  .  . V 2, 2 n G 2 , V 2, 3 , V 2 n ) 0 , V 3 , V 3 , V 4 , or V 3 cf.n 3 n 2 3 3 5
w x.6, Sect. 2, Table 1 .
In particular, we are concerned with the smooth hypersurface S of
degree m ) 0 defined by the equation
a x m q a x m q ??? qa x m s 00 0 1 1 nq1 nq1
 .the a are in k, and not 0 over a finite field k of characteristic p ) 0i
 . nq1p ¦ m in P the homogeneous coordinates of which are x ,0
x , . . . , x . Then, over an algebraic closure of k, the hypersurface S is1 nq1
isomorphic to the Fermat variety F of dimension n ) 0, degreen, m , p
 .m ) 0 over the prime field of characteristic p ) 0 p ¦ m defined by
x m q x m q ??? qx m s 00 1 nq1
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in P nq1. As for the Hodge]Witt type-ness of S, it is sufficient to consider
the Hodge]Witt type-ness of F . And we may alternate ‘‘itsn, m , p
Hodge]Witt type-ness’’ with ‘‘its being of Hodge]Witt type in degree n’’
 w x.cf. 9 .
From now on, we shall be concerned mainly with the Fermat variety
 4  .F with n, m, p n ) 0, m ) 0, p ¦ m . Then, considering the aboven, m , p
statements we know the following:
 .  4  4  4Case 1 . n, m, p s n, 1, p or n, 2, p ; F and F aren, 1, p n, 2, p
ordinary and hence of Hodge]Witt type.
 .  4  4Case 2 . n, m, p s 1, m, p ; F is of Hodge]Witt type.1, m , p
 .  4Case 3 . n, m, p with p ' 1 mod m; F is ordinary and hence ofn, m , p
Hodge]Witt type.
 .Case 4 .
¡ 42, 3, p with p ' 2 mod 3,
 43, 3, p with p ' 2 mod 3,~ 4n , m , p s  43, 4, p with p ' 3 mod 4,¢ 45, 3, p with p ' 2 mod 3;
F , F , F , and F are of Hodge]Witt type.2, 3, p 3, 3, p 3, 4, p 5, 3, p
 .Additionally, through Suwa’s criterion see Section 1 , the following
result has been obtained.
 4THEOREM. Let the triplet n, m, p of integers n ) 1, m ) 2, and a
 .prime number p with p ¦ m and p k 1 mod m be gi¨ en. Then we ha¨e the
assertion
F is of Hodge]Witt typen , m , p
if and only if
 4n , m , p is in Case 4 , abo¨e, or in .
 .  .Case 5 . n s 2, m s 7, and p ' 2, 4 mod 7 .
A proof of the theorem will be given in Section 2. Here, we give the
strategy of its proof: Lemma 1 in Section 1 becomes a basis. As for the ‘‘if’’
 .part, since it is known that F in Case 4 are of Hodge]Witt type, wen, m , p
 4  .shall show it for n, m, p in Case 5 only. For that reason, it will be noted
 .that ii in Lemma 1 holds. As for the ‘‘only if’’ part, it will be shown that
 .  4  .ii in Lemma 1 does not hold in all n, m, p except for those in Cases 4
 .  4and 5 . For simplicity’s sake we transfer all n, m, p excluded from Cases
FERMAT VARIETIES OF HODGE]WITT TYPE 139
 .  . w x w x  .4 and 5 to Cases 1 ] 10 through Lemma 2 see Section 2 . Moreover
we divide these 10 cases into the case ‘‘n s 2, 3 and m G 9’’ and the
 .‘‘other’’ case. In the former case, by using Lemmas 3, 4, 5 see Section 2 , it
 .will be shown that ii in Lemma 1 does not hold. And, in the latter case,
 .it will be shown by individual verification that ii in Lemma 1 does not
hold.
According to the theorem, for n ) 1 and m ) 2, it is seen that the case
  4.of ‘‘non-ordinary and Hodge]Witt type’’ for F or S in n, m, p isn, m , p
 .  .  4able to appear only in Case 4 or Case 5 of n, m, p .
N. Suwa assumed that the assertion for n s 2, m G 4 in the theorem is
probably valid, and he proposed determining Fermat varieties F , as inn, m , p
the title, for any dimension n. Moreover, he showed the author such
known facts as those stated above concerning the Hodge]Witt type-ness
for smooth projective varieties over a perfect field of positive characteris-
tic. The presentation of the first proof of the theorem given by the author
was improved by N. Suwa, and the author appreciates his permitting him
 .to write the presentation of the proof here cf. Section 2 . The author
expresses his sincere gratitude to Professor N. Suwa.
2. PRELIMINARIES
 4Throughout the present paper, n, m, p denotes the triplet of integers
such that n ) 0, m ) 0, with p a prime number, p ¦ m. The notation a
means the potency of a set.
 . nq2 < <For n and w s w , w , . . . , w g Z , let the integer w be defined0 1 nq1
by
nq1
< <w s w , j
js0
where Z denotes the set of all integers. Moreover, in n and m, we set
nq2 < <W s w g Z ; 0 - w - m j s 0, 1, 2, . . . , n q 1 , w ' 0 mod m , . 4j
< <W s w g W ; w s i q 1 m i s 0, 1, 2, . . . . 4 .  .i
Then we have
n
W s W .D i
is0
Let g be an integer relatively prime to m. We consider the well known
action g ? on W , i.e., for w g W ,
 4  4  4g ? w s g w , g w , . . . , g w , .0 1 nq1m m m
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 4where each g w denotes the remainder of dividing g w by m. Then, forj m j
two integers g , g 9 relatively prime to m, we have
g ? s g 9 ? if g ' g 9 mod m , gg 9 ? s g ? g 9 ? on W . .  .  .
5 5Let the integer w be defined by
< <w
5 5w s y 1 for w g W in n and m.
m
Then we obtain that
5 5w g W if and only if w s i .i
The following lemma is indispensable for our proof of the theorem.
 .  4LEMMA 1 Suwa’s criterion . Let n, m, p with n ) 1, m ) 2, p ¦ m,
 .and p k 1 mod m be gi¨ en. Let W be the set in n and m as abo¨e.
Then the following conditions are equi¨ alent:
 .i The Fermat ¨ariety F is of Hodge]Witt type.n, m , p
 .  4ii The triplet n, m, p satisfies the assertion ‘‘ At each element w in
W , we ha¨e
5 a 5 5 5p ? w s w for all non-negati¨ e integers a
or
5 a 5 5 5  4p ? w y w g 0, 1 for all non-negati¨ e integers a
5 a 5 5 5and p ? w s w q 1 for some positi¨ e integer a
or
5 a 5 5 5  4p ? w y w g 0, y1 for all non-negati¨ e integers a
5 a 5 5 5and p ? w s w y 1 for some positi¨ e integer a .’’
Proof. We shall present a proof due to N. Suwa. Put X s F .n, m , p
w xMoreover, according to 5 , we put
hi ,nyi s dim H ny i X , V i y d , .0 X i , nyi
where d denotes the Kronecker delta.
For 0 F j g Z, let the integers n , w be defined byj j
n s rank H ny j X , W V j r tor s q V , . .j W X
w s rank H ny j X , W V j r tor s q F . . .j W X
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Then the Hodge]Witt type-ness of X, i.e., ‘‘X being of Hodge]Witt type
in degree n,’’ is characterized by the condition
h0,n s n and hi ,nyi s n q w for 1 F i F n , C .0 0 0 i iy1
 w x.through the theory of Hodge and Newton polygons cf. 3, Sect. 6 .
On the other hand, we know that
hi ,nyi s aW for 0 F i F n0 i
 w x.cf. 5, Introduction; 8, Sect. 3 .
 .Therefore the condition i in Lemma 1 is characterized by the condition
aW s n and aW s n q w for 1 F i F n. C9 .0 0 i i iy1
 4  .=Let f be the order of p in the multiplicative group Zrm . Form
w g W , we put
fy1 A w .
j5 5A w s p ? w and l w s . .  . fjs0
Then we know, through the theory of Hodge and Newton polygons, that
n s j q 1 y l w and w s l w y j for j G 0, .  . .  . j j
w w
 .where the summation is taken over all w g W with j F l w - j q 1.
 .First, we assume that the condition i is satisfied. Then, through the
 .induction on i, we shall show that the condition ii holds in W for i G 0.i
 .In the following, f w denotes the number of times i appears in the seti
5 j 5 4  .p ? w ; 0 F j - f for w g W . Then f w G 0 for i G 0 andi
f s f w , A w s if w for any w g W . .  .  . i i
iG0 iG0
 4Let i s min i; W / B . Then aW s n s w s 0 for 0 F j - i . For0 i j j j 0
w g W , we have the following assertion:
5 j 5‘‘i F l w - i q 1’’ if and only if ‘‘ p ? w G i for any j and .0 0 0
5 j 5p ? w s i for some j.’’0
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 .Then, by using C9 , we have the relation
aW s ni i0 0
s i q 1 f y A w rf .  . . 0
 .w : i Fl w -i q10 0
s i q 1 f y A u q i q 1 f y A ¨ .  .  .  . .  .0 0
q ??? q i q 1 f y A w .  . .0
s f u q f ¨ q ??? qf w .  .  .i i i0 0 0
y i y i y 1 f u .  . 0 i
iGi q20
y i y i y 1 f ¨ .  . 0 i
iGi q20
y ??? y i y i y 1 f w .  . 0 i
iGi q20
F f u q f ¨ q ??? qf w F aW , .  .  .i i i i0 0 0 0
where u, ¨ , . . . , w are elements of W taken in the summation satisfying the
following condition:
‘‘the sets p j ? u; 0 F j - f , p j ? ¨ ; 0 F j - f , . . . , 4  4
2.1 .
p j ? w ; 0 F j - f are disjoint.’’ 4
 .  .  .Therefore, in this relation, f u s f ¨ s ??? s f w s 0 for i G i q 2i i i 0
 .  .  .and aW s f u q f ¨ q ??? qf w .i i i i0 0 0 0
Then we get the identity
5 5 5 j 5  4aW s a w g W ; w s i , p ? w g i , i q 1 for any j , 4i 0 0 00
 .which shows that the condition ii holds in W .i0
 . Let i ) i . Suppose that ii is satisfied in D W the induction0 0 F jF iy1 j
.  .  .hypothesis . Then, with w g W , the assertions 2.2 , 2.3 hold:
5 j 5  4‘‘i y 1 F l w F i ’’ if and only if ‘‘ p ? w g i y 1, i for any .
2.2 .
5 j 5j and p ? w s i y 1 for some j.’’
5 j 5if ‘‘i F l w - i q 1’’ then ‘‘ p ? w G i for any j.’’ 2.3 .  .
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Now we consider the subsets F , N of W defined byiy1 i i
F s w g W ; w satisfies the second assertion of 2.2 , 4 .iy1 i
N s w g W ; w satisfies the second assertion of 2.3 . 4 .i i
Then N l F s B and, under the induction hypothesis, we havei iy1
5 5 5 j 5F s w g W ; w s i , p ? w s i y 1 for some j . 4iy1
 .And moreover, through 2.2 , we have the relation
w s A w y i y 1 f rf .  . .iy1
 .w : iy1Fl w -i
s A u y i y 1 f q A ¨ y i y 1 f .  .  .  . .  .
q ??? q A w y i y 1 f .  . . 2.4 .
s f u q f ¨ q ??? qf w .  .  .i i i
F aF ,iy1
where u, ¨ , . . . , w are elements of W taken in the summation satisfying
 .  .2.1 , and through 2.3 , we have the relation
n s i q 1 f y A w rf .  . .i
 .w : iFl w -iq1
s i q 1 f y A u q i q 1 f y A ¨ .  .  .  . .  .
q ??? q i q 1 f y A w .  . .
s f u q f ¨ q ??? qf w .  .  .i i i
y j y i y 1 f u .  . j
jGiq2
2.5 .
y j y i y 1 f ¨ .  . j
jGiq2
y ??? y j y i y 1 f w .  . j
jGiq2
F f u q f ¨ q ??? qf w F aN , .  .  .i i i i
where u, ¨ , . . . , w are elements of W taken in the summation satisfying
 .2.1 .
 .  .And then, by 2.4 and 2.5 , we obtain
n q w F aN q aF F aW . 2.6 .i iy1 i iy1 i
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 .Moreover, by using C9 , we obtain n s aN , w s aF and hencei i iy1 iy1
W s N j F . 2.7 .i i iy1
 .  .  .Considering the relation 2.5 , under ‘‘n s aN ,’’ we get f u s f ¨ si i j j
 .??? s f w s 0 for j G i q 2. Therefore we havej
aN s f u q f ¨ q ??? qf w .  .  .i i i i
5 5 5 j 5  4F a w g W ; w s i , p ? w g i , i q 1 for any j 4
and hence
5 5 5 j 5  4aN s a w g W ; w s i , p ? w g i , i q 1 for any j . 4i
 .  .Therefore 2.7 shows that the condition ii holds in W .i
 .Second, we assume that the condition ii is satisfied. Then if we take
 .w g W , the assertion 2.2 holds in 1 F i F n, at w. Thereby we have
n s 1 y l w F aW s h0,n , . .0 0 0
 .w :0Fl w -1
and
w F aF , n F aN for 1 F i F n.iy1 iy1 i i
 .and hence, by 2.6 ,
n q w F aW s hi ,nyi for 1 F i F n.i iy1 i 0
Then, since we know that
n n
i ,nyin q n q w s h . 0 i iy1 0
is1 is0
w xthrough 3, Proposition 6.2.7 , we obtain
n s h0,n , n q w s hi ,nyi for 1 F i F n ,0 0 i iy1 0
 .  .which shows that C holds, i.e., that the condition i holds.
In next section, a proof of the theorem will be performed by using
Lemma 1 as a basis.
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3. PROOF OF THE THEOREM
 4Throughout this section, for n, m, p , we assume that n ) 1, m ) 2,
 .  4p ¦ m, and p k 1 mod m and let W be the set in n, m as in Section 1.
3.1. Proof of the ‘‘if ’’ Part in the Theorem
 .Let n s 2, m s 7, and p ' 2, 4 mod 7 . Then we have
W s 1, 1, 1, 4 , 1, 1, 2, 3 , 1, 2, 2, 2 ,  .  .  .0
permutations of them respectively ,4
W s 1, 1, 6, 6 , 1, 2, 5, 6 , 1, 3, 4, 6 ,  .  .  .1
1, 3, 5, 5 , 1, 4, 4, 5 , 2, 2, 4, 6 , .  .  .
2, 2, 5, 5 , 2, 3, 3, 6 , 2, 3, 4, 5 , .  .  .
2, 4, 4, 4 , 3, 3, 3, 5 , 3, 3, 4, 4 , .  .  .
permutations of them respectively ,4
W s 3, 6, 6, 6 , 4, 5, 6, 6 , 5, 5, 5, 6 ,  .  .  .2
permutations of them respectively ,4
 .  .=and the order of 2 or 4 in the group Zr7Z becomes 3.
5 a 5 5 5  .It is then easily verified that ‘‘ p ? w y w a s 0, 1, 2, . . . ’’ satisfy
 .the condition ii in Lemma 1 for each w g W s W j W j W . Similarly,0 1 2
 . it is also verified that the condition ii in Lemma 1 is satisfied for each n,
4  .m, p in Case 4 . Therefore we obtain the ‘‘if’’ part in the theorem from
Lemma 1.
3.2. Proof of the ‘‘Only if ’’ Part in the Theorem
 .  .We shall prove that condition i or condition ii in Lemma 1 is not
 4  .  .satisfied for all triplets n, m, p except for those of Cases 4 , 5 in the
 .theorem. We set the statement N n, m, p :
The Fermat variety F is not of Hodge]Witt type.n , m , p
Then we obtain the following lemma.
LEMMA 2. We ha¨e the assertion:
If N n , m , p holds then N n q 2, m , p holds. .  .
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 4  4Proof. Let W , W 9 be sets in n, m , n q 2, m , respectively, as in
 .Section 1. Assume that N n, m, p holds. Then, by Lemma 1, there exists
an element w in W such that
 . 5 a 5 5 5a p ? w y w G 2 for some positive integer a , or
 . 5 a 5 5 5b p ? w y w F y2 for some positive integer a .
 .For such an element w s w , w , . . . , w in W , we put0 1 nq1
w9 s w , w , . . . , w , 1, m y 1 . .0 1 nq1
5 5 5 5Then we have w9 g W and w9 s w q 1.
 .In the case a , since
nq1
a a a< < < <p ? w9 ) p w s p ? w , 4 j m
js0
we obtain
< a < 5 a 5 5 5 5 5p ? w9 ) p ? w q 1 m G w q 3 m s w9 q 2 m. .  . .
< a <  .Therefore, by p ? w9 ' 0 mod m , we have
< a < 5 5p ? w9 G w9 q 3 m .
5 a 5 5 5and hence p ? w9 G w9 q 2.
 .In the case b , since
< a < < a < 5 a 5p ? w9 F p ? w q 2 m y 1 s p ? w q 1 m q 2 m y 1 , .  . .
we obtain
< a < 5 5 5 5 5 5p ? w9 F w y 1 m q 2 m y 1 - w q 1 m s w9 m. .  .  .
< a <  .Therefore, by p ? w9 ' 0 mod m , we have
< a < 5 5p ? w9 F w9 y 1 m .
5 a 5 5 5and hence p ? w9 F w9 y 2.
 .Thus the condition ii in Lemma 1 is not satisfied at w9, and hence
 .N n q 2, m, p holds.
 .It is easily seen, by means of Lemma 2, that N n, m, p holds in all
 4  .  .triplets n, m, p except those of cases 4 , 5 in the theorem, if it is
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 .  4 w x w xproved that N n, m, p holds in all triplets n, m, p in Cases 1 ] 10 :
w x  .1 n s 2, m s 4, p ' 3 mod 4
w x  .2 n s 2, m s 5, p ' 2, 3, 4 mod 5
w x  .3 n s 2, m s 6, p ' 5 mod 6
w x  .4 n s 2, m s 7, p ' 3, 5, 6 mod 7
w x  .5 n s 2, m G 8, p k 1 mod m
w x  .6 n s 3, m G 5, p k 1 mod m
w x  .7 n s 4, m s 3, p ' 2 mod 3
w x  .8 n s 4, m s 7, p ' 2, 4 mod 7
w x  .9 n s 5, m s 4, p ' 3 mod 4
w x  .10 n s 7, m s 3, p ' 2 mod 3 .
 4From now on, for each n, m, p in these 10 cases, we shall show that
 .  .N n, m, p holds, that is, that the condition ii in Lemma 1 does not hold
 4in n, m, p .
w x  . 5 5Case 1 . Take the element w s 1, 1, 1, 1 in W . Then w s 0 and
5 53 ? w s 2.
w x  . 5 5Case 2 . Take the element w s 1, 1, 1, 2 in W . Then w s 0 and
5 2 5 5 2 5 5 52 ? w s 3 ? w s 4 ? w s 2.
w x  . 5 5Case 3 . Take the element w s 1, 1, 1, 3 in W . Then w s 0 and
5 55 ? w s 2.
w x  .  .Case 4 . Take the elements ¨ s 1, 2, 2, 2 , w s 1, 1, 1, 4 in W . Then
5 5 5 5 5 5 5 5 5 5¨ s w s 0 and 3 ? ¨ s 5 ? w s 6 ? w s 2.
w x  .  .  .Case 5 m s 8 . Take the elements u s 2, 2, 2, 2 , ¨ s 1, 1, 3, 3 ,
 . 5 5 5 5 5 5 5 5 5 5w s 1, 1, 1, 5 in W . Then u s ¨ s w s 0 and 3 ? u s 5 ? ¨ s
5 57 ? w s 2.
w x  .  .Case 6 m s 5 . Take the element w s 1, 1, 1, 1, 1 in W . Then
5 5 5 2 5 5 2 5 5 5w s 0 and 2 ? w s 3 ? w s 4 ? w s 3.
w x  .  .Case 6 m s 6 . Take the element w s 1, 1, 1, 1, 2 in W . Then
5 5 5 5w s 0 and 5 ? w s 3.
w x  .  .Case 6 m s 7 . Take the element w s 1, 1, 1, 1, 3 in W . Then
5 5 5 2 5 5 4 5 5 5 5 2 5 5 5w s 0 and 2 ? w s 3 ? w s 4 ? w s 5 ? w s 2, 6 ? w s 3.
w x  .  . Case 6 m s 8 . Take the elements u s 1, 1, 2, 2, 2 , ¨ s 1, 1, 1,
.  . 5 5 5 5 5 5 5 52, 3 , w s 1, 1, 1, 1, 4 in W . Then u s ¨ s w s 0 and 3 ? u s
5 5 5 55 ? ¨ s 2, 7 ? w s 3.
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w x  . 5 5Case 7 . Take the element w s 1, 1, 1, 1, 1, 1 in W . Then w s 1
5 5and 2 ? w s 3.
w x  . 5 5Case 8 . Take the element w s 1, 1, 1, 1, 1, 2 in W . Then w s 0
5 2 5 5 5and 2 ? w s 4 ? w s 2.
w x  . 5 5Case 9 . Take the element w s 1, 1, 1, 1, 1, 1, 2 in W . Then w s 1
5 5and 3 ? w s 4.
w x  .Case 10 . Take the element w s 1, 1, 1, 1, 1, 1, 1, 1, 1 in W . Then
5 5 5 5w s 2 and 2 ? w s 5.
w x w xAs for Cases 5 , 6 with m G 9, our proof will be carried out as follows.
w .In the following, a , b denotes the set of all real numbers x satisfying
w xa F x - b. Moreover a denotes the greatest integer not exceeding the
real number a .
 4And, for the given n, m, p , let g be an integer relatively prime to m
 .satisfying ‘‘1 - g - m, g ' p mod m .’’ Then cases of ‘‘g s mr2,’’ ‘‘m ) 3,
g s 2mr3’’ do not occur.
3.2.1. Case of n s 2, m G 9
w xCase a . 3 F g - mr2.
In this case, the following lemma is useful.
LEMMA 3. For 9 F m g Z, we ha¨e
m 2m m
3, ; , ,D/ /2 3k kw . x2FkF my1 r3
where k g Z.
w .Proof. Let x g 3, mr2 be given. If 3 F x - mr3 then there exists an
integer k satisfying 2mr3 x - k - mrx, because mrx y 2mr3 x ) 1.
 w . x.Then, for these x, k, we have 2 - k - mr3 hence 2 - k F m y 1 r3
w . w .and x g 2mr3k, mrk . If mr3 F x - mr2 then x g 2mr3k, mrk for
k s 2.
w .Let m G 9 and g g 3, mr2 be given. By Lemma 3, there exists an
w . x  .integer c with 2 F c F m y 1 r3 hence 0 - c - mr3 such that
2mr3c F g - mrc. For such an arbitrary integer c, the following asser-
tion holds:
Take the element w s c, c, c, m y 3c in W . Then we have .
5 5 5 5w s 0 and g ? w s 2.
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In fact, the former is trivial. And the latter is due to ‘‘0 - g c - m,
< <  . < <  .2m F 3g c - g ? w - 3m q m y 1 - 4m, g ? w ' 0 mod m .’’
w xCase b . mr2 q 1 F g - m.
In this case, the following lemma is useful.
LEMMA 4. For 9 F m g Z, we ha¨e
m 3k q 1 m k q 1 m .  .
q 1, m ; , ,D/ /2 6k 2kw . x1FkF my1 r3
where k g Z.
w .Proof. Let x g mr2 q 1, m be given. If 2mr3 F x - m then we
w .  . .have x g 3k q 1 mr6k, k q 1 mr2k for k s 1. Assume that mr2 q
1 F x - 2mr3. Since we have the equivalence
3k q 1 m k q 1 m .  .
F x -
6k 2k
3.2.1.0 .m
m m
F k -
6 x y 3m 2 x y m
for an integer k ) 0 and a real number x ) mr2, we consider the set
m m m y 1
K x [ k g Z; F k - , k F . .m  56 x y 3m 2 x y m 3
 . w .We shall show that K x / B for m G 9 and x g mr2 q 1, 2mr3 .m
w . x  .If m G 9 and x s mr2 q 1 then m y 1 r3 g K x bym
m m m y 1 m m
s - - s
6 x y 3m 6 3 2 2 x y m
for such m, x.
 . w x  .If m G 9 and mr2 q 1 - x - m q 3 r2 then mr6 q 1 g K x bym
m m m m y 1 m m
- - q 1 F - -
6 x y 3m 6 6 3 3 2 x y m
for such m, x.
 .  .If m ) 9 and m q 3 r2 F x - 2mr3 then K x / B bym
m m
2 x y m G 3, y ) 2 3.2.1.1 .
2 x y m 6 x y 3m
for such m, x.
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 .If m s 9 then we have m q 3 r2 s 2mr3.
Thus Lemma 4 has been shown.
Remark. Let 9 F m, mr2 q 1 F x - 2mr3 be given. Consider the
 .K x as above for such m, x. Then we remark the following:m
 .   .4  .i min k; k g K x G 2, because mr 6 x y 3m ) 1 for x -m
2mr3.
 .  . w . xii aK mr2 q 1 G 2 for m ) 9, because both m y 1 r3 y 1,m
w . x  . w . x . wm y 1 r3 g K mr2 q 1 by ‘‘6 m y 1 r3 y 1 G m and 2 m ym
. x1 r3 - m’’ for m ) 9.
 .  .  .iii aK x G 2 for ‘‘m ) 9 and m q 3 r2 F x - 2mr3,’’ bym
 .3.2.1.1 .
 .   .  . 4iv x; m q 2 r2 - x - m q 3 r2 l Z s B.
w .Let m G 9 an g g mr2 q 1, m be given. If m s 9, 10 then g ) 2mr3.
w xCase b-1 . mr2 q 1 F g - 2mr3. We may assume m G 11, here.
 .  .By Lemma 4 and Remark, ii ] iv , we take an odd integer k satisfyingg
3k q 1 m k q 1 m .  .g gF g - 3.2.1.2 .
6k 2kg g
w . x  .with 1 F k F m y 1 r3 . Then 3 F k - mr3 by Remark, i .g g
For such an arbitrary odd integer k , the following assertion holds:g
Take the element w s k , k , k , m y 3k in W . Then we have .g g g g
5 5 5 5w s 0 and g ? w s 2.
5 5 5 5Obviously, we have ‘‘w g W and w s 0.’’ We shall show ‘‘ g ? w s 2.’’
First, we may write
k s 3 q 2 t 0 F t g Z . 3.2.1.3 . .g g g
Then we obtain the inequalities
5m y 9g 2m y 3g
F t - 3.2.1.4 .g6g y 3m 2g y m
 .by the equivalence 3.2.1.0 for x s g , k s k .g
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Let c be the positive integer defined byg
m
c s g y . 3.2.1.5 .g 2
Then we have
m
g k ' y « 1 q t q c k mod m , . .g m g g g2
where « is defined bym
m
« s m y 2 . 3.2.1.6 .m 2
 .  .  .In fact, by 3.2.1.3 , 3.2.1.5 , 3.2.1.6 , we have
m
g k s k q c kg g g g2
m m
k s 1 q t m q y e 1 q t . .  .g g m g2 2
Moreover it is seen that
m
g k s y « 1 q t q c k . 3.2.1.7 4  . .g m g g gm 2
 .  .  .In fact, by 3.2.1.3 , 3.2.1.5 , 3.2.1.6 , we have
2c y « s 2g y mg m
m m
y « 1 q t q c k s q 3c y « q 2c y « t .  .  .m g g g g m g m g2 2
w x2m y 3g 2m y 3c y 3 mr2gs .
2g y m 2c y «g m
Therefore we obtain
m
0 - y « 1 q t q c k .m g g g2
m
s q 3c y « q 2c y « t .  .g m g m g2
m 2m y 3g
- q 3c y « q 2c y « .  .g m g m2 2g y m
m m
s q 3c y « q 2m y 3c y 3 .g m g /2 2
m
s 2m y 2 y «m2
s m
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 .  .  .from 3.2.1.5 , 3.2.1.6 , and the second inequality of 3.2.1.4 . Hence we
 .have 3.2.1.7 .
 .  .On the other hand, by 3.2.1.5 , 3.2.1.6 , we have
w x5m y 9g 5m y 9c y 9 mr2gs .
6g y 3m 6c y 3«g m
 .Therefore, by using 3.2.1.7 , we obtain
m
g k s y « 1 q t q c k 4  .g m g g gm 2
m
s q 3c y « q 2c y « t .  .g m g m g2
w xm 5m y 9c y 9 mr2gG q 3c y « q 2c y « .  .g m g m2 6c y 3«g m
m 1 m
s q 3c y « q 5m y 9c y 9 .g m g /2 3 2
1 m m
s 3 q 9c y 3« q 5m y 9c y 9 .g m g / /3 2 2
1 m
s 5m y 6 y 3«m /3 2
2m
s
3
 .  .  .from 3.2.1.5 , 3.2.1.6 , and the first inequality of 3.2.1.4 . Hence we have
3 g k G 2m. 3.2.1.8 4  .g m
 4  4  4   .4 .Therefore, by g ? w s g k , g k , g k , g m y 3k andg m g m g m g m
 .3.2.1.8 , we have
< <2m - g ? w - 3m q m y 1 - 4m .
and hence
< < < <g ? w s 3m by g ? w ' 0 mod m . .
5 5Consequently, ‘‘ g ? w s 2’’ has been shown.
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w xCase b-2 . 2mr3 - g - m. In this case, the following assertion holds:
Take the element w s 1, 1, 1, m y 3 in W . Then we have .
5 5 5 5w s 0 and g ? w s 2.
In fact, the former is trivial. And the latter is due to ‘‘2m - 3g -
< <  . < <  .g ? w - 3m q m y 1 - 4m and g ? w ' 0 mod m .’’
w xCase c . g s 2.
Since g 2 is also relatively prime to m and satisfies 3 - g 2 - mr2 by
w x 2m G 9, we apply Case a to g .
w x  .  .Case d . m ' 1 mod 2 and g s m q 1 r2.
 24Let g 9 s g . Then g 9 / g holds and g 9 is relatively prime to m.m
w xMoreover it is seen that g 9 ) 1 for m G 5. In fact, when mr2 is odd, we
1 12 2w x .  w x .. w x .have g s mr2 q 1 s m 1 q mr2 y 1 q mr2 q 1 '2 2
1 1w x .  . w x .mr2 q 1 mod m and 0 - mr2 q 1 - m. Hence g 9 s2 2
1 w x . w xmr2 q 1 and g 9 ) 1 for m G 5. And, when mr2 is even, we2
3 32 2w x .  .w x w x w xhave g s mr2 q 1 s mr2 mr2 q mr2 q 1 ' mr2 q 12 2
3 3 . w x w x w xmod m and 0 - mr2 q 1 - 2 mr2 q 1 s m. Hence g 9 s mr2 q2 2
1 ) 1.
 .Therefore g 9, m s 1, 1 - g 9 - m, g 9 / g . And then g 9 belongs to
w x w x w xCase a or Case b or Case c .
3.2.2. Case of n s 3, m G 9
w xCase e . 3 F g - m.
In this case, the following lemma is useful.
LEMMA 5. For 9 F m g Z, we ha¨e
m m
3, m ; , ,. D /2k kw . x1FkF my1 r4
where k g Z.
w .Proof. Let x g 3, m be given. If mr2 F x - m then we have x g
w .mr2k, mrk for k s 1. Assume that 3 - x - mr2. Since we have the
equivalence
m m m m
F x - m F k -
2k k 2 x x
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for an integer k ) 0 and a real number x ) 0, we consider the set
m m m y 1
L x [ k g Z; F k - , k F . .m  52 x x 4
 .We shall show that L x / B for m G 9 and 3 - x - mr2.m
If 4 F x - mr2 then there exists an integer k with mr2 x - k -
mrx, because mrx y mr2 x ) 1. Then k - mrx F mr4 hence k F
w . x.  .m y 1 r4 for such k, and hence k g L x .m
If 3 - x - 4 then, since mr2 x - mr6 - mr4 - mrx, we have
m m
- k -
2 x x
w . xfor k s 2 s m y 1 r4 in the case of 9 F m F 12.
w x w . xfor 2 - k s mr6 q 1 F m y 1 r4 in the case of m G 13.
 .Therefore k g L x for these k.m
w . w . xIf x s 3 then we have 3 g mr2k, mrk for k s m y 1 r4 , because
 .it is easily seen that if m G 9 then 3k F 3m y 3 r4 - m and 6k G m for
w . xk s m y 1 r4 .
w .Let m G 9 and g g 3, m be given. By Lemma 5, there exists an integer
w . x  .c with 1 F c F m y 1 r4 hence 0 - c - mr4 such that mr2c F g -
mrc. For such an arbitrary integer c, the following assertion holds:
Take the element w s c, c, c, c, m y 4c in W . Then we have .
5 5 5 5w s 0 and g ? w G 2.
In fact, the former is trivial, and the latter is due to ‘‘0 - g c - m,
< <  . < <  .2m F 4g c - g ? w - 4m q m y 1 - 5m and g ? w ' 0 mod m .’’
w xCase f . g s 2.
Since g 2 is also relatively prime to m and satisfies 3 - g 2 - m by
w x 2m ) 9, we apply Case e to g .
 .Thus it has been shown that the condition ii in Lemma 1 is not
 4  .  .satisfied in each n, m, p except for those of cases 4 , 5 in the theorem.
Therefore the ‘‘only if’’ part in the theorem has been proved.
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